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1. INTRODUCTION
The purpose of this paper is to give a bijective proof of the following
identity for Schur functions (see [2], [4], or [5] for background; a com-
binatorial definition is given in Section 2). This identity arose in the work
of Ciucu [1] on the enumeration of matchings of graphs and was stated
as a conjecture there.
Theorem 1.1 (Ciucu’s Conjecture). Let T=[t1<t2< } } } <t2r] be a set
of positive integers. For every subset U=[ti1< } } } <tik]T we denote by
*(U) the partition with parts tik&k+1 } } } ti2&1ti1 . For every subset
UT we denote by T&U the complement of U in T. Then we have:
:
U/T : |U|=r
s*(U) s*(T&U)=2rs*(t1 , t3 , ..., t2r&1)s*(t2 , t4 , ..., t2r) . (1)
An algebraic proof of this identity by means of Laplace expansions of
certain determinants was found by G. Tesler (private communication).
2. BIJECTIVE PROOF OF THE IDENTITY
Schur functions, which are irreducible general linear characters, can be
combinatorially defined by means of semistandard Young tableaux (see [4,
I, (5.12); 5, Def. 4.4.1; 6, Def. 5.1]). Let *=(*1 , *2 , ..., *r) be a partition of
length r, i.e., *1*2 } } } *r>0: The GesselViennot interpretation [3]
of semistandard Young tableaux of shape * as nonintersecting lattice paths
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allows the Schur function indexed by * to be defined combinatorially as the
following generating function:
s*(x1 , x2 , x3 , ..., xN)=:
P
w(P). (2)
This sum is over all r-tuples P=(P1 , P2 , ..., Pr) of lattice paths (in the
integer lattice, i.e., the directed graphs with vertices Z_Z and arcs from
( j, k) to ( j+1, k) and from ( j, k) to ( j, k+1) for all j, k), where Pi starts
at (i&1, 1) and ends at (*r&i+1+i&1, N) and where no two paths Pi , Pj
have a lattice point in common (i.e., the r-tuple is non-intersecting). Let
n(P, k) be the number of horizontal steps at height k (i.e., directed arcs
from some ( j, k) to ( j+1, k)) that belong to path P. The weight w(P) of
path P is defined as follows:
w(P)= ‘
N
k=1
xn(P, k)k . (3)
The weight w(P) of the non-intersecting r-tuple P=(P1 , P2 , ..., Pr) is
defined as follows:
w(P)= ‘
r
i=1
w(Pi). (4)
Proof of the Theorem. Let us start with a combinatorial description for
the objects involved in (1): By the GesselViennot interpretation of Schur
functions as generating functions of non-intersecting lattice paths we can
view the left side of the equation as the weight of all pairs (Pg, Pr) of non-
intersecting r-tuples of lattice paths. The paths of Pg are colored green, and
the paths of Pr are colored red. The i th green path P gi starts at (i&1, 1)
and ends in (tki , N) where tki is the i th element of U. The i th red path P
r
i
starts at (i&1, 1) and ends in (tji , N) where tji is the i th element of T&U.
U varies over all subsets of T with r elements.
For the right side of (1) we basically use the same interpretation, but we
must account for the factor 2r. Let U=[t1 , t3 , ..., t2r&1] be fixed now. We
consider the Cartesian product of the set of all pairs (Pg, Pr) of non-inter-
secting r-tuples of lattice paths (colored red and green, with start-points
and end-points as defined above) with the set of all [0, 1]-sequences of
length r.
So consider an object from the left side. If we forget about any lattice
point that is not a start-point and not an end-point and not a point of
intersection between some red and some green path, we may view this as
a directed graph with colored arcs. This graph is finite and planar; it has
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r vertices of out-degree 2 (the start-points, where one red and one green
path start), 2r points of in-degree 1 (the end-points, in which either
a red or a green path ends) and some number of points of in-degree 2 and
out-degree 2 in which a green and a red path meet.
Given such a graph-object, we construct a matching on the 2r end-points
successively: For any end-point p yet unmatched, follow the arc ending in
p down to the next vertex x in the graph. If we assume (w.l.o.g.) that this
arc is colored red, we now follow the green arc from vertex x up to the next
vertex q (the meanings of ‘‘up’’ and ‘‘down’’ are ‘‘in the direction of the arc’’
and ‘‘in the reverse direction of the arc,’’ respectively). If q is already
another end-point, we match end-points p and q; otherwise, we continue
the procedure, i.e., we follow the red arc from q down to vertex z and the
green arc up from vertex z, and so on. It is easy to see that no arc can be
used twice by this procedure, so eventually we must end in some end-point
q^: We match this point with p.
So we found trails of even lengths that connect each end-point with its
matching end-point: Fig. 1 gives an illustration for this construction.
The first observation is that the construction of these trails is independent
of the coloringit depends only on the graph. The second observation is
that end-points with even indices are always matched with end-points with
odd indices (and vice versa): This is due to the fact that there is always an
even number of end-points between two matched end-points, since different
trails may meet (in some vertex with in-degree 2 and out-degree 2) but can-
not cross. The third observation is that we may choose one of two possible
colorings along such a trail arbitrarily: For example, we may choose that
Fig. 1. Illustration of the construction in the proof. In the left-hand picture, green paths
are drawn with solid lines, red paths are drawn with dotted lines, and points of intersection
between red and green paths (with in-degree 2 and out-degree 2) are indicated by circles. In
the right-hand picture, ‘‘irrelevant’’ lattice points are ‘‘forgotten’’; only start-points, end-points,
and points of intersection are considered in the resulting directed graph (with some parallel
arcs). The three trails (two of them are ‘‘v-shaped,’’ one is ‘‘w-shaped’’) involve all non-parallel
arcs in the picture. The matching on end-points is indicated by brackets.
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the odd end-point (the only one with an odd index) is met by a green arc
(which implies that the other end-point is met by a red arc).
Now we can define the bijection: For a graph-object from the equation’s
left side, we construct the trails defining the matching on the end-points as
described above. Next we define sequence (ci)ri=1 # [0, 1]
r by ci=0 if the
arc ending in end-point (t2i&1 , N) is green, and ci=1 otherwise. Finally,
we change coloring along trails so that all arcs ending in odd end-points
are green: Thus we arrived at an object from the equation’s right side.
A moment’s thought shows that the mapping just defined is indeed a
bijection. (Note that the original coloring is encoded in the sequence
(ci)ri=1.) Since at no point in our construction have we changed the
horizontal steps involved, the bijection clearly is weight-preserving. This
finishes the proof. K
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